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Oblique electrostatic modes in self-gravitating dusty plasmas
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The propagation of oblique and perpendicular electrostatic modes in dusty self-gravitational magnetized
plasmas is treated with due care for the small gravitational effects between charged dust particles and for the
correct balance between electrostatic and gravitational forces. At purely oblique propagation, generalizations of
the dust-cyclotron and dust-acoustic modes are found, where the latter can be subject to a Jeans instability. For
strictly perpendicular propagation, only a mixed dust-acoustic and dust lower-hybrid mode occur at low
frequencies. A Jeans collapse can be avoided by strong enough magnetic fields, the criterion for which is given.
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I. INTRODUCTION

Dusty plasmas are characterized by the presence
charged dust particles, besides the usual electron and
species. Charged dust can accumulate charges that ex
the electron or ion charge by orders of magnitude, and
comparison also have much higher mass-to-charge ra
Hence, the introduction of very low frequencies characte
tic for the charged dust, moving on space and time scales
differ vastly from the normal electron and ion scales@1–6#.
Among the many new modes, the prime example is the e
trostatic dust-acoustic mode@7#, well studied both in theory
and in the laboratory@8#.

One of the important novel features of dusty plasm
when compared with the usual multispecies electron-
plasmas, is that the dust particles can interact through b
electromagnetic and gravitational forces. When se
gravitational interactions due to the heavier dust compon
are included, dusty plasmas are subject to a Jeans instab
This results in a significant modification of collective mod
and in different stability conditions. In particular, several a
thors have discussed conditions for the existence of d
acoustic waves in self-gravitating plasmas@9–13#.

Although there have been a number of studies of obliq
electrostatic modes in dusty plasmas@14–19#, there has been
little interest in incorporating self-gravitational effects@20–
22#. Many approximations occur in dealing with the low fr
quencies at which the dust manifests itself, with the sm
gravitational effects between charged dust particles and
the correct balance between electrostatic and gravitati
forces. It is thus necessary to treat the propagation of obli
and perpendicular electrostatic modes in dusty s
gravitational plasmas with the utmost care, as we propos
do in the present paper.

The paper is structured as follows. Section II introduc
the basic formalism and the electrostatic dispersion l
without undue approximations, as an extension of our pre
ous work @11#. The low-frequency oblique modes are de
with in Sec. III, whereas the case of strict perpendicu
propagation warrants a separate treatment in Sec. IV.
main results are summarized in Sec. V.
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II. BASIC FORMALISM

For simplicity of the subsequent derivations, wave prop
gation is considered along thez axis, so that“5ez]/]z. On
the other hand, the static magnetic-fieldB0 will be in thex,z
plane, withB05B0(exsinq1ezcosq), whereq is the angle
between the directions of wave propagation and the exte
magnetic field. As pointed out in the Introduction, the ba
dusty plasma model includes various species, denoted
running subscriptsa. These obey the standard fluid equ
tions, including continuity equations

]na

]t
1

]

]z
~nauaz!50, ~1!

and equations of motion,

]ua

]t
1uaz

]ua

]z
1

ez

nama

]pa

]z
52

qa

ma
S ez

]w

]z
1ua3BD

2ez

]c

]z
. ~2!

Herena , ua , andpa refer to the densities, fluid velocities
and pressures, respectively, of the different species, ha
chargesqa and massesma . In this study of electrostatic
modes in self-gravitating plasmas,w denotes the electrostati
potential, wave magnetic fields will be omitted, andc is the
gravitational potential.

The set of equations is closed by two Poisson’s equatio
one for the electrostatic potential

«0

]2w

]z2
1(

a
naqa50, ~3!

and one for the gravitational potential

]2c

]z2
54pG(

a
nama . ~4!
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Standard linear analysis yields for the perturbation dens
that

na5
k2Na

Ka
S qa

ma
w1c D , ~5!

where

Ka5v22k2vTa
2 2

v2Va
2sin2q

v22Va
2cos2q

. ~6!

Per speciesNa represents the equilibrium density,vTa the
thermal velocity, andVa the gyrofrequency, including the
sign of the respective charge. The expression~5! can be used
in both Poisson’s Eqs.~3! and ~4!, yielding then the disper-
sion law

S 12(
a

vpa
2

Ka
D S 11(

a

vJa
2

Ka
D 1S (

a

vpavJa

Ka
D 2

50. ~7!

The plasma frequenciesvpa are defined throughvpa
2

5Naqa
2/«0ma , and similarly the Jeans frequenciesvJa

throughvJa
2 54pGNama . In the last summation of Eq.~7!,

vpa has to be interpreted as containing the sign of
charge, sincevpavJa}Naqa .

Proceeding with a first simplification of the dispersion la
regardless of frequency regime@11#, we not only note that
vJe

2 !vpe
2 andvJi

2 !vpi
2 , but also that

vpi
2 vJe

2 !uvpeuvpivJevJi!vpe
2 vJi

2 ,

vpd
2 vJe

2 !uvpevpduvJevJd!vpe
2 vJd

2 ,

vpd
2 vJi

2 !vpiuvpduvJivJd!vpi
2 vJd

2 , ~8!

becausevJa
2 /vpa

2 }ma
2/qa

2 , and in all known dusty plasma
the mass-per-charge ratio for the dust species vastly exc
that of protons and electrons, in the sense thatme!mi
!mde/uqdu. The dispersion law~7! is thus to a high degree
of precision approximated by

S 12
vpe

2

Ke
2

vpi
2

Ki
D S 11

vJd
2

Kd
D 2

vpd
2

Kd
2

vpe
2 vJi

2

KeKi
50. ~9!

This dispersion law has to be treated with some care in
low-frequency limit, as discussed in the next sections. N
also that the last term in Eq.~9! cannot automatically be
neglected, even thoughvJi is excruciatingly small.

III. LOW-FREQUENCY OBLIQUE MODES

The appropriate low-frequency regime will be defined
asking thatv!kvTi and v!V icosq. The latter restriction
excludes wave propagation very close to perpendicu
which needs to be treated separately, to be done in the
section. Thus to first order we approximatevpi

2 /Ki.
21/k2lDi

2 . Analogous results hold even stronger for t
electron component, withvpe

2 /Ke.21/k2lDe
2 . The Debye

lengths are defined aslDa5vTa /vpa , and lead to an effec
03641
s

e

ds

e
e

r,
xt

tive plasma Debye lengthlD throughlD
225lDe

221lDi
22 . As-

suming thatklD!1 allows a further simplification of Eq.~9!
to

v42~Vd
21L!v21LVd

2cos2q50, ~10!

where the combinationL5k2(cda
2 1vTd

2 )2vJd
2 will deter-

mine the stability or instability of the modes, and the du
acoustic velocity iscda5vpdlD . The roots of the biqua-
dratic Eq.~10! are given by

v6
2 5

1

2
@Vd

21L6A~Vd
21L!224LVd

2cos2q#. ~11!

It can be checked that Eq.~10! has two positive roots when
L.0, as then the discriminant, the sum, and the produc
the roots are all positive. This is the case in the absenc
self gravitation, whenL reduces tok2(cda

2 1vTd
2 ). Thenv1

2

corresponds to the dust cyclotron@19# and v2
2 to the dust-

acoustic mode, both for oblique propagation with respec
the external magnetic field. For strong magnetization
weak dispersion, such thatk2(cda

2 1vTd
2 )cos2q!Vd

2 , we find
that

v1
2 .Vd

21k2~cda
2 1vTd

2 !sin2q,

v2
2 .

k2~cda
2 1vTd

2 !cos2q

11k2~cda
2 1vTd

2 !~sin2q!/Vd
2

, ~12!

which corresponds, but for the inclusion of dust thermal
fects, to previous results@19#.

As expected from many related physical problems,
presence of self gravitation allows for the possibility of u
stable modes. In order to have instability, one needsL,0,
when the product of the roots becomes negative, so
v2

2 ,0, while v1
2 .0. The transition to instability occurs a

L50 and this condition yields the critical Jeans wave nu
ber as

kcrit
2 5

vJd
2

cda
2 1vTd

2
.

vJd
2

cda
2

, ~13!

since usually vTd!cda . Hence, the plasma conditio
kcrit

2 lD
2 !1 is equivalent tovJd

2 !vpd
2 .

There are thus three wave-number regimes. For the sm
est wave numbers,L,0 and we find unstable Jeans mod
as one of the solutions. For intermediate values ofk we have
that

vJd
2 ,k2~cda

2 1vTd
2 !,Vd

21vJd
2 , ~14!

so that 0,v2
2 ,L, while Vd

2,v1
2 . The largest wave num

bers obey

Vd
21vJd

2 ,k2~cda
2 1vTd

2 !, ~15!

and then 0,v2
2 ,Vd

2 , while L,v1
2 .

For values ofk close to the critical values~13!, approxi-
mate solutions of Eq.~11! can be obtained as
5-2
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v1
2 .Vd

21@k2~cda
2 1vTd

2 !2vJd
2 #sin2q,

v2
2 .

@k2~cda
2 1vTd

2 !2vJd
2 #cos2q

11@k2~cda
2 1vTd

2 !2vJd
2 #sin2q/Vd

2
. ~16!

The second relation~16! occurs at all angles of propagatio
but slowly disappears as perpendicular propagation is
proached. The other mode generalizes dust-cyclotron mo
Related investigations were carried out by Salimullah a
Shukla@21#.

IV. STRICTLY PERPENDICULAR PROPAGATION

For strictly perpendicular propagationq590° and hence
Ka5v22k2vTa

2 2Va
2 . Here, low frequency means that w

neglect v2 in these expressions, and also assume
vJi

2 /uKi u!vJd
2 /uKdu. It can be checkeda posteriori that this

indeed is fully consistent. Putting

A5S 11
vpe

2

k2vTe
2 1Ve

2
1

vpi
2

k2vTi
2 1V i

2D 21

~17!

allows the rewriting of Eq.~9! as

v25Vd
21Avpd

2 1k2vTd
2 2vJd

2 . ~18!

ProvidedTi!Te , we can simplifyA to

A.
k2vTi

2 1V i
2

vpi
2

, ~19!

and hence the dispersion law~18! assumes the form

v2.k2~cda
2 1vTd

2 !1vdlh
2 1Vd

22vJd
2 . ~20!

The dust lower-hybrid frequency@15# vdlh has been intro-
duced through

vdlh
2 5

NdmdVd
2

Nimi
5V iVdS Ne

Ni
21D . ~21!

Because we have defined all gyrofrequencies with the sig
the charge included, the second expression forvdlh

2 is correct
for negatively as well as for positively charged dust. Furth
more, Eq.~21! indicates that as soon as there is indeed so
electron depletion, or conversely, some nonzero dust den
uVdu!vdlh , and consequently, theVd

2 term can be omitted
in Eq. ~20!. An equivalent way of formulating this conditio
is to say that most of the mass of the total dusty plasma i
the charged dustNimi!Ndmd .

Instability would be possible providedvdlh,vJd , or
equivalentlyuVdu,vJi , and then at wave numbers obeyin

k2,
vJd

2 2vdlh
2

cda
2 1vTd

2
. ~22!

This yields smaller wave numbers than previously compu
in Eq. ~13!, and hence implies very large length scales. B
03641
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sides, the instability criterion~22! actually depends on the
sign of the dust charge, through the definition ofvdlh . In-
deed, one can expect that for positively charged grainsvdlh
could be considerably larger than for negatively charg
grains. Other conditions being equal, one can show that

vdlh(1)
2

vdlh(2)
2

.
Ni (2)

Ni (1)
, ~23!

a ratio that could be very large. The subscripts (1) or (2)
refer to the sign of the dust charge. Thus, plasmas with p
tively charged dust will be more stable than with negative
charged grains. Only in weakly ionized dusty plasmas (Ne
;Ni) does the dust lower-hybrid frequency drastically dro
and then the criterion~22! turns into Eq.~13!.

The magnetic fields that can stabilize the Jeans instab
here are given byB0.vJimd /uqdu. The first impression is
that even weak magnetic fields can stabilize the Jeans in
bility, becausevJi is so small that it is usually totally ne
glected. To demonstrate that this is not always true, we
write the condition for stability as

V i
2

vpi
2

.
vJd

2

vpd
2

. ~24!

In dusty plasmas wherevJd
2 ;vpd

2 , and hence the dus
charge-to-mass ratio is quite large, the gravitational colla
can only be stopped by strong magnetic fields, such
V i

2;vpi
2 .

From previous computations for magnetosonic modes
using the standard probe charging model@5#, we can deduce
that negative dust charges for micron sized grains in in
stellar clouds could be as high as a thousand electron cha
@23#. Such estimates are based on very uncertain data a
dust in interstellar clouds@24,25#, and thus can only be con
sidered as a very rough guidance. Moreover, the resul
Jeans lengths for magnetosonic modes indicated scales
the order of an astronomical unit to several times the dim
sion of the heliosphere@23#. Other conditions being equa
we can thus conclude for perpendicular electrostatic mo
that the influence of the dust lower-hybrid frequency and
possibility of having positively charged dust could substa
tially increase these Jeans lengths. The unreliability of
present dust data precludes, however, giving any firm
quantitative estimates.

V. CONCLUSIONS

The propagation of oblique and perpendicular elect
static modes in dusty self-gravitational magnetized plasm
has been studied, with due care for the small gravitatio
effects between charged dust particles and for the cor
balance between electrostatic and gravitational forces.
purely oblique propagation, generalizations of the du
cyclotron and dust-acoustic modes have been found. The
ter can be subject to a Jeans instability, the criterion
which has been given.

For strictly perpendicular propagation, only a mixed du
5-3
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acoustic and dust lower-hybrid mode occurs at low frequ
cies. Generally speaking, the instability criterion becom
dependent on the sign of the dust charge, and plasmas
positively charged dust will be more stable than with ne
tively charged grains, if other parameters are comparabl
Jeans collapse can be avoided by strong enough mag
fields, the criterion for which has been given. These res
could be of importance when studying the gravitational c
o-

.

m

03641
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traction of large molecular clouds containing charged dus
the presence of magnetic fields, two factors that tend to
crease the lengths before instability can set in.
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